Let G=(V;E;A) be a mixed graph. That is, (V;E) is an undirected graph and (V;A) is a directed graph.
Introduction
In an interesting trilogy, Rick Giles 9] , 10], 11] introduced the concept of a matching forest in a mixed graph | a common generalization of matchings in undirected graphs and branchings in directed graphs | and he gave a polynomial-time algorithm to nd a maximum-weight matching forest, yielding as a by-product a characterization of the matching forest polytope (the convex hull of the incidence vectors of matching forests).
Giles' results generalize the polynomial-time solvability and the polyhedral characterizations for matchings (Edmonds 4] ) and for branchings ( 
Chu and Liu 2], Edmonds 5], Bock 1]).
In this paper we prove that the system given by Giles is totally dual integral (cf. 15] ). This means that the linear program of maximizing an integer objective function over the constraints has integer primal and dual solutions. It generalizes the total dual integrality of the matching constraints in an undirected graph, proved by Cunningham and Marsh 3] (which generalizes the Tutte-Berge formula for the maximum size of a matching (cf. 13])), and the total dual integrality of the branching constraints in a directed graph, proved implicitly by Edmonds 5] , Bock 1] , and Fulkerson 8] .
We give some de nitions and background, and formulate Giles' inequalities for the matching forest polytope.
A mixed graph is a triple (V;E;A), where (V;E) is an undirected graph and (V;A) is a directed graph. (So E and A are disjoint.) In this paper, a graph can have multiple edges, but no loops. If an edge e is directed from u to v, then u is called the tail and v the head of e. If e is undirected and connects u and v, then both u and v are called head of e. The underlying undirected graph of a mixed graph is the undirected graph obtained from the mixed graph by forgetting the orientations of the directed edges.
A subset F of E A is called a matching forest if F does not contain any circuit (in the underlying undirected graph) and any vertex v is head of at most one edge in F. We call a vertex v a root of F if v is not the head of any edge in F. We denote the set of roots of F by R(F).
It is convenient to consider the relations of matching forests with matchings in undirected graphs and branchings in directed graphs.
A matching in an undirected graph (V;E) is a set M of pairwise disjoint edges. So M is a matching if and only if M is a matching forest in the mixed graph (V;E;;). In this case, the roots of M are the vertices not covered by M.
A It is useful to observe and remember the following formulas, for any matching forest F in a mixed graph (V;E;A), setting M := F \ E and B :=F \A:
In fact, for any matching M in (V;E) and any branching B in (V;A), the set M B is a matching forest if and only if R(M) R(B)=V .
The matching forest polytope of a mixed graph (V;E;A) is the convex hull of the incidence vectors of the matching forests. The incidence vector of a subset F of E A is the vector F in f0;1g E A satisfying F (e) = 1 if and only if e2F. So the matching forest polytope is a polytope in R E A .
Giles showed that the matching forest polytope is determined by the following inequalities:
for each e 2 E A; (2) (ii) x( head (v)) 1 for each v 2 V; (iii) x( (L)) bj Lj ? 1 2 jLjc for each subpartition L with jLj odd.
Here we use the following notation and terminology. In this paper we show that system (2) is totally dual integral (a concept introduced by Edmonds and Giles 7] ). It means that, for each`weight' function w : E A ! Z, the linear program of maximizing w T x over (2) has integer optimum primal and dual solutions. It is equivalent to an \all-integer" min-max formula for the maximum weight of a matching forest (for integer weights).
Our proof implies Giles' characterization of the matching forest polytope, while we do not make use of the theorem of Edmonds and Giles that the existence of integer optimum dual solutions implies the existence of integer optimum primal solutions.
More precisely, our proof consists of showing that for any integer weight function w on E A, there exists a matching forest F and an integer dual solution to the linear program of maximizing w T x over (2), of value equal to the weight of F. Since the incidence vector of F satis es (2), standard polyhedral theory then gives that the vertices of the polytope P determined by (2) are exactly the incidence vectors of the matching forests (as any vertex of P is the unique optimum solution of maximizing w T x over (2), for some integer weight function w).
The total dual integrality of (2) has as special case a min-max formula for the maximum size of a matching forest in a mixed graph (V;E;A). However, a direct formula for this can be easily derived from the Tutte-Berge formula | see Section 4.
Our proof method in fact is a generalization of the proof in 14] of the result of Cunningham and Marsh 3] that the matching constraints are totally dual integral. The proof in 14] uses ideas of Lov asz 12] on the characterization of the matching polytope.
2. An exchange property of matching forests Bases of our proof are an exchange property for branchings, and one for matching forests. The latter generalizes a well-known and trivial exchange property for matchings in an undirected graph, based on considering the union of two matchings.
The proofs use the following lemma, that follows directly from a theo- So the RHS is 1, and hence the LHS is 0. We can assume that U is an inclusionwise minimal set with this property. It implies that U is a strong component of D. Then by the condition, U intersects both R 1 and R 2 , contradicting the fact that the RHS in (5) The lemma is also used to prove the following exchange property for matching forests (which can be generalized (with the methods below) so that it contains Theorem 1 | however, a most general statement seems not very attractive to formulate, and therefore we have restricted ourselves to stating what we need for our present purpose): Theorem 2. Let (V;E;A) be a mixed graph, and let F 1 and F 2 be matching forests partitioning E A. Let s2R( 
We 2 ) = (R(B 2 ) n V P) (R(B 1 ) \ V P): By the Lemma, it su ces to show that each strong component K of (V;A) with d in (K) = 0 intersects both sets in (11) . If jKj=1 then K is contained in both R(B 1 ) and R(B 2 ), and hence in both sets in (11). If jKj 2, then e K intersects both R(B 1 ) and R(B 2 ). Since e K is either contained in V P or disjoint of V P, e K intersects both sets in (11) . Hence, as e K K, also K intersects both sets in (11) . Therefore, branchings B 0 1 and B 0 2 satisfying (11) exist.
(10) and (11) Since R(F)=R(M)\R(B) for any matching forest F (with M :=F \E and B :=F \A), (10) and (11) since s2V P and s2R(F 2 )nR(F 1 ).
We study the e ects of the exchanges (10) and (11) , to show that one of the alternatives (6) (7)), contradicting the fact that t 2 R(F 1 ). So (17) implies that jR(F 2 )\V Pj>jR(F 1 )\V Pj. This implies with (15) So k is even, and hence jM 1 \ EPj = jM 2 \ EPj, which implies with (13) , (15) and (17) 
Total dual integrality of matching forest constraints
We show that system (2) is totally dual integral, which is equivalent to the following.
For any weight function w:E A!Z, let w denote the maximum weight of a matching forest. Call a matching forest F w-maximal if w(F)= w . Let be the set of subpartitions L of V with jLj odd.
Then the total dual integrality of (2) Proof. We must prove that for each mixed graph (V;E;A) and each function w:E A!Z, there exist y;z satisfying (18) and (19).
In proving this, we can assume that w is nonnegative. For suppose that w has negative entries, and let w Then the underlying undirected graph of (V;E;A) is connected, since otherwise one of the components will form a smaller counterexample. Moreover, w(e) 1 for each edge e, since otherwise we can delete e to obtain a smaller counterexample.
Then:
for each v 2 V , there exists a w-maximal matching forest F with v 2 R(F). To see this, it su ces to show that each directed edge e=(u;v) is contained in some directed circuit. By (20) there exists a w-maximal matching forest F with v 2R(F). Then the weak component of F containing v is an arborescence rooted at v. As F has maximum-weight, F feg is not a matching forest, and hence F \A contains a directed v?u path. This makes a directed circuit containing e, and proves (21).
Let K denote the collection of strong components of (V;A). This implies that jR(F)j = 1. Let R(F) = frg, and let K be the strong component of (V;A) containing r. We choose F under the additional constraint that jR(F \A)\Kj is as large as possible.
Suppose jR(F \A) \Kj 2. Choose F under the additional constraint that r has minimal distance in (V;A) from some root u of F \A in K nfrg. Here, the distance in (V;A) from u to r is the length of a shortest directed u?r path.
Let T be the arborescence in F \A containing r. Let s be the rst vertex in T on a shortest directed u ? r path Q in (V;A). Necessarily s 6 = r, since otherwise we can extend F by the last edge of Q, contradicting the maximality of jFj. Let So such a component L does not exist; that is, each L2K contains exactly one root of F \A. So jF \Aj=jV j?jKj. Moreover, as jR(F)j=1, jKj is odd and jF \Ej=b 1 2 jKjc. So jFj=jF \Aj+jF \Ej=bjV j? 4. The maximum size of a matching forest
The total dual integrality of (2) has as special case a min-max formula for the maximum size of a matching forest in a mixed graph (V;E;A). However, this min-max formula can be easily derived from the Tutte-Berge formula with the following direct formula.
Let K be the collection of strong components K of the directed graph (V;A) with the property that no directed edge enters K. Consider the undirected graph H with vertex set K, where two distinct K;L2K are adjacent if and only if there is an edge in E connecting K and L.
Then one has:
The maximum size of a matching forest in (V; E; A) is equal to (H) + jV j ? jKj, Then M B is a matching forest, of size (H)+jV j?jKj (as B has size jV j?jKj).
To see that M B is a maximum-size matching forest, let F be any matching forest. Let U := K. Then F has at most jV nUj edges with at least one head in V nU. Since no directed edge enters U, all other edges are contained in U. So it su ces to show that F has at most (H)+jUj?jKj edges contained in U.
Let N be the set of (necessarily undirected) edges in F connecting two di erent components in K. For 
